sin x=x-x"/314+x°/5!-...

cos x=1-x/21+x%/41-. ..

e = 1+x+x/21+x°/31+....
Inx=(x-1)-(x-1)*/2+(x-1)*/3-...
In(14+x)=x-(1/2)x*+(1/3)x’-...
Weighted Mean value theorem:

[reg) =f) [gx)

Lagrange Error:

_ ")
Jf(x)=P(x)+ (n+D)!

Proof: Consider (1) = £(r)— P(t)~[ f(x)- P |

i=0 X —X;

(x—x)(x—x,)..(x—x,)

t-x,

>

which has n+2 roots => JE s.t. g™"(E)=0

Strictly diag. dom.:

;
al> Y 14l

ii
J=Lj#

(1)Strictly diag. matrix is nonsingular.
(2)Gauss. elim. can be performed
without row/column interchanges
(3)Computation will be stable with
respect to round off error

(4)Has LU factorization

g€ C[a,b] and g’(x)<k<1 =>
converge to unique fix point from
any point in [a,b]

fe C*[a,b] and f(p)=0 and
f’(p) # 0 => converge for some
initial approx around p

g€ C’[a,b] and x=g(x) has sol'n p
and g’(p) # 1 => converge for
initial approx in [a,b] using
Stevenson’s method

Order of convergence
hm | pn+l _pa| — /’L
== |p,—pl

Aiken’s method

~_ (Ap)
=By,
Lagrange:
Pe)= D (X)L, (X).
k=0
n x _ x

Ln,k = :

i=0,izk X —X;

Neville’s method
(x=x,)B,;(x)—(x=x)B,,;(x)

Divided difference
kth divided difference:

_ S X 1= ST X ]

flx,.x, 1=
Xivk =%

()= fTxg ]+ D g2y 5 (= 2 (X = 3, )

= is(s—1)...(S—k+1)hkf[xoaxi"“’xk]

First Second Third
X f(x)  divided differences divided differences divided differences
%o flxol
Fizo, m] = L1 = FEx] [";ll = fa xol
x fln) Flroxn 2] = W
flx,xl = flxal = flai] Flxg, 1, %2, %3] = Sflxi, x2, x3] = flxo, 10
o flxz, 231 = flx1, 2] B
x; flx] fl, x2, 03] = #
Flog,py] = L2102 Flons, g 13, 0¢] = L2 T Tl = flon oy
BoE flxs, x4l = £lx2, %51 L]
% flxs) Fixa, 23, x4] = _3_}:;«3
flasx) = L= S15] PR N
X4~ X3 tre 251 ~ Floss 2] xs — X3
x4 £l FLxs, xe, 551 = f‘:,fxs“
Flxe, 551 = Slxs) — flxa)
X5 — 4
xs flxs)

Positive Definite:

A is positive definite if it is
(1)symmetric and
(2Q)x'Ax<=>Ax-x>0 forx #0

A is positive definite matrix then

(1) A is nonsingular

(2) a;>0, for each i=1,2,...n

(3) maxiq j<play|<max; <i<lajl

4 (aij)2<aiiajj for eachi#j

(5) All eigenvalues are positive

(6) GE solves without row-swap (All
pivot element >0). Can write A=LU
Matrix A can be factored into LDL'
or LL' iff A is positive definite

Spectral Radius and Iterative Methods

(1) [All=[p(A'A)] ™ (2)p(A) < [|Al| for any .|
Following statements are equivalent:

(1A is convergent matrix (2) ||[A"||=0 as n —> oo for some ||.||
3) p(A)<I1 (4) |A"|=0 as n —> oo for all ||.]|
(5) A"x=0 as as n — oo for all x

Th’m: If p(T) <1, then (1-T) "' exists and (1-T)'=1+T+T*+...
Proof: (1) det(1-T)=0 => 1 is an eigenvalue
) I-D)Su=14T4+. T"=I-T™". Letm —> o0 .

Th’m: The sequence {x®} e defined by x®=Tx*V+¢

converges to unique sol’n x=Tx+c iff p(T)<1

(xi - x_/')
Xo | Pe=Qo0
X1 P1:Q1,0 P0,1:Q1,1
X2 P2:Q2,1 P 1,2:Q2,1 P 0,1,2:Q2,2

Cubic Spline
a) S;(x) is cubic on subinterval

[x;,Xj+1] for each j=0,1,...n-1

b) S(x))=f(x;)

¢) Sj1(xj:1)=S;(x+1)

d) S’ (x3+1)=Si(x;+1)

e) S7j(x5+1)=S"j(x;*1)

f) Natural/Free: S”(x()=S"(x,)=0
Clamped: S’(x0)=f"(xo) and

S’ (xn)=F" (Xn)

Proof: (<=) xXO=Tx®*D+c=T(T(x*P+c)+c =... =

=TXOHT®D+, T+1)e. k—> o0 =>0+(1-T)'c

(=>) For any z, construct X”=x-z. Assume {x® } converges to x. Note x-
x®O=(Tx+c)-(Tx*D+c)=T(x-x*".

o xXO=T(x-x =T x-x*D)=T*x-x?)=T*2. As k — oo, LHS approaches

0. T*z=0 for any z=> p(T)<I

Jacobi Iterative method: Write A=D-L-U

T=D'(L+U)  ¢=D'b XM= Tjx* V¢
Gauss-Seidel: Write A=D-L-U
T~D-L)'U c~(D-L)'b x®= Tx* D+
i—1 n
2 (@x;7)= > (@ )+,
xi(k) —_ Jj=i+l
a

i

Error Bound: [x-x"|| < I T|x-x|=(ITI[* /(1-{IT|)) [x"- x|

Definition of Residual Vector: » =bh— Ax

Leading Principle submatrix

2 -1 haSZ,{2 —1}anditself
-1 2 -1 4 2

0o -1 2

Th’m: A symmetrix matrix A is
positive definite iff each of its leading
principle submatrices has a positive
determinant.

Permutation Matrix:

1 00 A= Ist row of A
001 3rd row of A
010 2nd row of A

Properties of Vector Norm

(1) [X]}=0 (iD]x][=0 ¢x=0
(iin)[fax|=falllx]|  A)Ix+ylI<IX[[+yll
lIx[| _ =max|x;|

|x|l-=Euclidean
Th’m: The sequence of vectors {x*}
converges to x with respect to [|.[| _ iff

lim (e Xi(k):Xi

Them: [Ix||_ <[XIb</ | x|

Matrix Norm ||A||=II13X||X||=1||AX”
(@) |Al=0 (i)[|A[I=0 < A=0
(iiD)[[aAl=[al[|Al] - Gv)[|ABI<[|A[[[B]|
(WIIA+BI<[|A[I+][B]]

lIx[l;=Euclidean  [[x|| _=max|xi|

n
”A”m = max,., Z‘ay‘
=




Numerical Differentiation (unstable)

Forward diff.: /(5 +h)—f(x) h (&) (Backward=h<0)
h 2

n+1-point formula: x,< f 1<xX¢t2h; xo-h< f <x¢th

(n+1)
S(x)= Zf(xk)Lk( )+ f(—é()) H (x; —x)

X
(n+D! oy
3-point formula (End point)

f(xo)_i( 3/ (x)+4f(x,+h)— f(x0+2h))+ (3)(51
3-point formula. (Mid point):

£ix) = i(f(xo Fh)= (%, —h))+%f“)(§2)

Mid-point w1th round-off, error term: £, ﬁ e
h 6

£ :round off bound for each step; M:3" derivative bound
Derivation: Differentiating LaGrange with error term

Higher order derivatives: x,< f 3<Xo+2h;

f "(xo)=hiz(f(xo h)~ 2f(xo)+f(xo+h))+ f“’(fs

Derivation: Consider Taylors of f(xo+h) and f(x,- h) f(Xo)-
£(x0)h+(1/2)f*(xo)h’..... Find linear combinations of those two
such that the coefficient for f(x) is 0, Rearrange for ’(xo).

Numerical Integration (stable):

o h o,
Trapezoid Rule: 2[f(x0)+f(x1)] 12 ")

Simpson’s Rule: g[f(xo) +4£(x)+ f(x,)] _%fu)(é:)

Def’n: Degree of accuracy / precision: largest n s.t. the
approximation is exact for x*, for k<n

S n/2

Composite Simpson’s: h—Zf(“)(f )_ h f(4)(§)
90 j=1 180

Total round off error: (b—a)€, € is the bound for round-off.
b-a
Composite Trapezoid: Thz ")

Adaptive Quadrature:

Theory

If h=(a+b)/2, then S(a,b) has error (h’/90)f"(e,), and
(S(a,(a+b)/2)+S((a+b)/2,b)) has error (1/16)(h*/90)f¥(e,)
b

a+b a+b

a+b a+b
)—S(

)=S(

—S(a, ,b)| = % (S(a,b)-S(a,

b))‘

Procedure
Calculate S(a,b), S(a,(a+b)/2),S((a+b)/2,b).

fiS (S(a,b)-S(a, a+b) S(a+b b)) > tolerance,

repeat procedure on the subinterval with tolerance=tolerance/2

Euler’s Method: Difference Equation: wy=a; w;.;=w;+hf(t;,w;)

hM L(t,—a)
Error: | y(t.)—w. |[< —[e""" =1
rror: | y(t,) = wi[< —-1 ]

Difference Method: wy=a; wi.;=w;+ @ hf(t,w;)
Local Trunc. Err.:
e,y i+l Ji
‘+1(h) yt+1 (yl h ¢(1 y))zy lh y —¢(f,-,y,~)
Euler local trunc. err: Ti;(h)=(h/2)y”’(e) => O(h) for bounded y”

Higher order Taylor Methods:
wo=a; Wis =W thT™(t, ),

n-1
WHETE T01,00) = £(0 )+ £ ) ot 10,
n:

Finding "(0: f'= y"(1) = 3{(r,y(t))+3f;(r,y(r))~f(r,y(r))

Taylor Expansion of Two variables:

f<t+a,y+/3>=f(t,y)+aal<r,y>+ﬂal(r,y>+
s _f f o f
Slanreps sl Slay
Midpoint Method O(h?)

wo=a;  Win=with f{{ t+h/2, wi + (W2)f(t, wi) )
Derivation: Matching coefficients of

T, w,) = f(,,w>+ﬁai(z,, )+ zgf

af(t+ea,y+B) = a=1; a0, =h/2; a) B =(W/2)f(ty)

(6, w) f(t;,w) With

Modified Euler Method O(h%):
. h
WOy =, s PRI GRRIRZ AR

w.

Derivation: By matching T® with afty)+a,ft+o,y+B1 ()

Gauss. EllmlnatlonOgn) j=i+l.n:im,=a,la;(E,—m,E)—>E;

* z(n—i)+(n—i)(n—i+1) + Z(n—i)(n—i+l)
1 1
Back substitution:

n—1 2 n—1
*¢1+z(n—i)+1=”2+” =Y (n—i-1)+1="
1 1

Partial pivot O(n”): choose element from column with largest
absolute value and interchange

Scaled partial pivoting O(n’): Set s; to be the element with largest
absolute value in each row. When choosing a pivot, choose the
element that has the largest absolute value when divided by the
corresponding s; in initial matrix.

Initial Value Problem:
f(t,y) satisfies Lipschitz condition in y on set D€ R* if a
constant L>0 exists with [f(t,y;)-f(t,y2)|<L|yi-y2|

With L f.05122 00 =2’

Lipschltz in variable y, then the IVP is well-posed (unique sol’n
exists and can be perturbed. ).

,If f is continuous and satisfies
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